To date, a variety of analytical and mathematical dynamic models of a rolling mill have been developed, but they were simplified models involving the vertical vibration of the rolls and were not enough to be compatible with actual chatter vibration. In this paper, a mathematical model of a cold rolling mill including the driving system is proposed. The model is reliable enough to be compatible with experimental and theoretical analysis. It took into account the frictional forces between the rolls and the stiffness caused by the roller bearings and the contact between rolls. The joint forces of the spindle were computed from the force equilibrium equations in which the contact stiffness between the gears was approximated in a Fourier series form. To solve the model efficiently, a novel combination of the direct integration method and quasistatic analysis was proposed. The principal frequencies, including the gear mesh and chatter frequencies, predicted by the model were very similar to that determined by experimental and theoretical analysis. Not only the vertical, but also the horizontal vibration was investigated to study the added effect of the horizontal rolling force, frictional forces, and joint forces. The horizontal chatter vibration had a strong effect on the dynamic characteristics, although the chatter frequency was generated both in the vertical and horizontal directions.
Introduction
Rolling is a metal forming process in which a metal strip is passed through a pair of rolls. If the temperature of the metal is below its recrystallization temperature (usually at room temperature), the process is termed as cold rolling, which improves the strength via strain hardening and the surface finish, and holds tighter tolerances. 1) Chatter vibration is the phenomenon caused by vibration between the workpiece and the manufacturing machine. The vibrations of the rolling mill have a significant effect on the performance, reducing product quality and causing faster abrasion of machine parts. Therefore, investigation of the dynamic characteristics in the rolling process is very important for predicting the performance of a rolling mill.
In the past, the vibrations of a rolling mill have been fundamentally analyzed using experimental and theoretical methods. Son et al. 2) measured the vibration frequency and torque of a rolling mill to analyze the sources of vibration. Defects in the roller bearings of the work roll chock and the oil film bearing in the backup roll chock were presented as sources of vibration. Wu et al. 3) measured the vibration of a high-speed rolling mill and analyzed the frequency modulation phenomenon caused by the roll bearing structures. It was found that the periodic change in bearing stiffness might cause amplitude and frequency modulation in the vibration of the mill. However, it is difficult to conduct experiments in a rolling mill with varying rolling conditions because the experimental environment is very poor and the cost is high. Therefore, the dynamic characteristics of a rolling mill were investigated using analytical and mathematical models.
Lin et al. 4) presented an analytical model describing the dynamical interaction between work rolls and metal sheets and the initiation of a fifth-octave rolling chatter. The instability of rolling was studied as a function of rolling parameters using a work roll submodel and a metal sheet roll-bite submodel. Johnson et al. 5) developed simple analytical models of two and four degrees of freedom systems describing chatter in sheet rolling. Swiatoniowski and Bar 6 ) built a mathematical model of parametrical self-excited vibration in a tandem rolling mill. The criteria conditioning initiation of this phenomenon have been formulated and its characteristics were studied. Similarly, the nonlinear model of a parametric vibration system in a cold rolling process and the approximate analytical solution were presented. 7) Niziol and Swiatoniowski 8) investigated the negative effect of vibrations in a rolling mill on product quality using the analytical lumped-parameter model of the rolling stand. The majority of the models on vibrations in a rolling mill were simplified models involving the vertical vibration of the rolls, and they were not reliable enough to be compatible with actual chatter vibration.
In this paper, a mathematical model of a cold rolling mill including the driving system is proposed to predict chatter vibration. The model took into account the frictional forces between the rolls and the stiffness caused by the roller bearings and the contact between rolls. The model was solved by a novel combination of the direct integration method and quasistatic analysis. The joint forces of the spindle were computed from force equilibrium equations in which the contact stiffness between the gears was approximated in a Fourier series form. Both the vertical and horizontal rolling forces and vibrations were investigated, and the model was verified by experiment and theoretical analysis.
Experiment
The cold rolling mill consists of work, intermediate, and backup rolls and a driving system, as shown in Fig. 1 . The work roll is the tool directly in contact with the strip. The intermediate and backup rolls support the work roll to reduce its deflection under the rolling force. The spindle, which consists of three components connected by two universal joints, is connected to the work roll. The spindle transmits the gear torque to the work roll. 9, 10) Chatter vibration was actually generated in the cold rolling mill of Pohang Iron and Steel Company (POSCO), and it reduced the performance of the rolling mill. The vibration caused the periodic chatter to mark the rolled strip. In previous work, we conducted an experiment to investigate the chatter vibration in the rolling mill.
11) An accelerometer was installed on the work roll's chock to measure the vibration acceleration, and the fast Fourier transform (FFT) of the acceleration was analyzed to investigate the vibration characteristics. Reflective tape was attached to the surface of the spindle, and a tachometer measured the rotational speed. A load cell measured the rolling force. Figure 2 shows the FFT experiment of the work roll for acceleration. The principal frequencies were generated equally in the vertical and horizontal directions. The vibration frequency of 355 Hz was the gear mesh frequency because the gear had 34 teeth, and the rotational speed was 10.44 Hz, as measured by the tachometer in the steady state. The gear mesh frequency generated from the gears was transmitted to the work roll through the spindle. The chatter frequency was the vibration frequency of 1 192 Hz with high amplitude, which was similar to the theoretical value determined by Eq. (1) where (MPM) is the line velocity of the strip, and (mm) is the chatter pitch.
12) The amplitude of the chatter frequency of the horizontal acceleration was much higher than that of the vertical acceleration, although the gear mesh frequencies did not show a significant difference. As shown in Fig. 3 , the chatter marks are a series of marks on the strip caused by the vibration of the rolling mill, and the marks on the strip could be observed by grindstone inspection in bright light. The chatter pitch is the gap between chatter marks.
Mathematical Model

Mathematical Model of the Rolling Mill Including
the Driving System The rolling force of the rolling mill should be computed or measured for a preliminary investigation. The rolling force is input to the work roll of the mathematical model. Many researchers have proposed analytical models of the rolling force, in which only the vertical rolling force was considered because the horizontal rolling force was very low in comparison. 13, 14) The vertical rolling force was relatively very high compared with the horizontal rolling force because the changes in thickness of the rolled strip between the inlet and the outlet were very small compared with the roll radius. However, we considered not only the vertical, but also the horizontal rolling force to investigate the added effect of the horizontal component. Although the horizontal rolling force was a few percent of the vertical rolling force in the model, the horizontal rolling force was still quite large compared with the contact or joint forces. We could expect that the horizontal rolling force was sufficiently significant to affect the horizontal vibration of the mill. The vertical rolling force was measured by a load cell in the experiment. The horizontal rolling force can be evaluated from the relationship between the vertical and horizontal rolling forces in the rolling force model which was shown in Fig. 4 . The rolling angle was evaluated from the design parameters including the radius of the work roll, the thicknesses at in-gauge and out-gauge in the model. The resultant rolling force was conventionally applied at the section corresponding to 0.4α. 13) Therefore, the horizontal rolling force was computed from the relationship between the rolling forces in the model. Table 1 shows the conditions for the experiment and numerical analysis. Figure 5 shows the mathematical model of the cold rolling mill including the driving system. The model consists of the work, intermediate, and backup rolls and the spindle connected to the work roll to transmit the torque of the gear to the work roll. Spring-damper elements represented the roller bearings that support both ends of the rolls and the axle of the driven gear. Spring-damper elements also represented the elastic deformation of the rolls and gears caused by the contact stiffness. The contact stiffness between the gears could be approximated in a Fourier series form. The model considered the frictional forces between the rolls. The spindle was rotated at the speed measured in the steady state. The gravity forces of rolls and spindle and the rolling force were applied as external forces.
Partition of the Mathematical Model
The joint forces of the spindle were determined from the force equilibrium equations by partitioning the mathemati- The models indicate the contact stiffness, the joint forces (which were applied at joints), and the gravity forces of the spindles. The driven gear was attached to the second spindle. The stiffness of the roller bearings that support the axle of the driven gear and the contact stiffness between the gears were considered. The contact model took into account not only the vertical contact stiffness but also the horizontal contact stiffness between the gears. The contact stiffness is dependent on the number of gear teeth and the rotational speed. The periodic change of contact stiffness is generated by the geometrical errors of the teeth profile and spacing; therefore, the contact stiffnesses can approximately be considered as time-periodic functions. If the tooth-to-tooth variations (i.e., pitch errors and run out of teeth) are neglected, the gear mesh frequency can be expressed as Eq. (2) (2) where and are the numbers of each gear tooth, and and are the rotational speeds of each gear. The contact stiffness between the gears can be expressed in a Fourier series form as Eq. (3): , ..... (3) where is the mean contact stiffness, and the period of a Fourier series is 15, 16) Therefore, Eq. (3) can also be written as a periodic function, as Eq. (4) The contact forces of the gears were transmitted through the interface between the gears. The displacements of the second spindle with the driven gear can also be assumed periodic functions because the contact stiffness between the gears affects the displacements. Therefore, the displacement can be expressed in a Fourier series form as Eq. (5): ,...... (5) where is the mean displacement of the second spindle.
The contact force of the gears and roller bearings that support the axle of the driven gear and the gravity force generated the joint forces of the second spindle. The joint forces of the second spindle affect those of the adjoining first spindle. The joint forces of the spindles can be computed using quasistatic analysis. Quasistatic simulation is a sequence of static simulations performed over a given duration. It is useful when the model contains time-dependent forces or motions. 17) At each time step, the force equilibrium is considered for solving the joint forces of the spindle while all the kinematic constraints are satisfied. The force equilibrium equations of the first and second spindles can be expressed as Eqs. (6) The joint forces, which were computed from the force equilibrium equations, were applied at the joint point of work roll for the numerical analysis.
Equations of Motion for the Mathematical Model
The equations of motion of the rolling mill including the driving system, in which the joint forces of the spindles were computed by quasistatic analysis, can be solved using the direct integration method. The equations of motion can be expressed as Eq. (10) (10) where M is the mass matrix; C is the damping matrix; K is the stiffness matrix of the rolling mill; and F is the force vector applied to rolls. u is the displacement vector of the rolling mill, except for the axial displacement.
18) The mass, damping, stiffness matrices, and the force vector were constructed as follows.
The mass matrix of the rolling mill can be expressed in a (12) where ...... (13) The variables in the matrix were the damping coefficient and the specific dimensions of the rolling mill. The stiffness matrix of the rolling mill can be expressed as Eq. (14) The variables in the matrix were the stiffness coefficient and the specific dimensions of the rolling mill, similar to the damping matrix. The force vector applied to the rolls can be expressed as Eq. (16): ,..... (16) where and are the gravity forces acting on the backup and intermediate rolls, respectively, and and are the horizontal and vertical rolling forces applied to the work roll, respectively. and are the vertical and horizontal joint forces, which were applied at the joint between the work roll and first spindle. and are the gravity force and torque acting on the work roll, respectively. The response of each roll was dependent on that of the adjacent rolls because they were affected by the contact stiffness and frictional forces between rolls. The mass, damping, and stiffness matrices of the rolling mill were time independent but the force vector applied to the rolls required updating at every time step. The computed joint forces between the work roll and spindle at every time step update the force vector.
Numerical Analysis and Discussion
Numerical Method for the Mathematical Model
The mathematical model of the rolling mill including the driving system was solved by a novel combination of the direct integration method and quasistatic analysis. The joint forces, which were applied at the joints of the spindles, were solved by quasistatic analysis. The contact stiffness between the gears was approximated in a Fourier series form in the quasistatic analysis. The computed joint forces were input into the equations of motion of the rolling mill as the force vectors, which were updated at every time step. The equations of motion were solved using the direct integration method, in which the time span, T, was subdivided into n equal time intervals, . The direct integration method calculated the solution at the next required time step from the solutions at the previous time steps. The Newmark-β method, which is a family of direct integration methods that are unconditionally stable, was used for numerical analysis. [19] [20] [21] In the Newmark-β method, the displacement vector and the velocity vector can be assumed as the following equations. These equations can be viewed as a type of generalized Taylor series approximation. The weighted average is a convex combination of approximate acceleration values. The parameters β and γ can be determined to obtain integration accuracy and stability. The discrete equation of motion at the time step can be written in matrix form as Eq. (19) 
C1,1 = cb12 + cb14 + cb22 + cb24, C2,2 = cb11 + cb13 + cb21 + cb23 + cbi, C4,4 = (cb11 + cb13) rb1 2 + (cb21 + cb23) rb2 2 , C5,5 = (cb12 + cb14) rb1 2 + (cb22 + cb24) rb2 2 , C6,6 = ci12 + ci14 + ci22 + ci24, C7,7 = ci11 + ci13 + ci21 + ci23 + cbi + ciw, C8,7 = -(riubicbi + riuiwciw), C9,9 = (ci11 + ci13) ri1 2 + (ci21 + ci23) ri2 2 , C10,10 = (ci12 + ci14) rii 2 + (ci22 + ci24) ri2 2 , C11,11 = cw12 + cw14 + cw22 + cw24, C12,12 = cw11 + cw13 + cw21 + cw23 +ciw + cws, C14,14 = (cw11 + cw13) rw1 2 + (cw21 + cw23) rw2 2 , C15,15 = (cw12 + cw14) rw1 2 + (cw22 + cw24) rw2 
K1,1 = kb12 + kb14 + kb22 + kb24, K2,2 = kb11 + kb13 + kb21 + kb23 + kbi, K4,4 = (kb11 + kb13) rb1 2 + (kb21 + kb23) rb2 2 , K5,5 = (kb12 + kb14) rb1 2 + (kb22 + kb24) rb2 2 , K6,6 = ki12 + ki14 + ki22 + ki24, K7,7 = ki11 + ki13 + ki21 + ki23 + kbi + kiw, K8,7 = -(riubikbi + riuiwkiw), K9,9 = (ki11 + ki13) ri1 2 + (ki21 + ki23) ri2 2 , K10,10 = (ki12 + ki14) ri1 2 + (ki22 + ki24) ri2 2 , K11,11 = kw12 + kw14 + kw22 + kw24, K12,12 = kw11 + kw13 + kw21 + kw23 +kiw + kws, K14,14 = (kw11 + kw13) rw1 2 + (kw21 + kw23) rw2 2 , K15,15 = (kw12 + kw14) rw1 2 + (kw22 + kw24) rw2 ten for . Using Eqs. (17) and (18), and can also be calculated. Figure 7 shows the flowchart for the numerical method of a novel combination of the direct integration method and quasistatic analysis. This algorithm was performed using the MATLAB programming language. 22) For initial computation, the gravity forces acting on the rolls and spindles and the rolling force acting on the work roll were calculated. The initial joint forces were determined from the force equilibrium equations. The mass, damping, stiffness, and force matrices, M, C, K, and , were put into the equations of motion of the rolling mill. The initial displacement and velocity, and , of the rolls were put into the equations. The initial acceleration of the rolls was calculated from the equation of motion. The simulation parameters, including the time step and total period, were set for the iteration process. Assuming that the (n)-th iteration has been done and the solution at time step is known, the (n + 1)-th iteration is considered for the solution at time step . Quasistatic analysis of the spindles can solve the joint forces of the spindles. The joint forces of the second spindle were solved from the force equilibrium equations in which the contact stiffness between the gears was approximated in a Fourier series form. Joint forces of the first spindle were then solved from the force equilibrium equations. The computed joint forces updated the force vector acting on the rolls in the equations of motion. For solving the responses of rolls, expressions of the displacement vector and the velocity vector , Eqs. (17) and (18), were substituted into the discrete equation of motion, Eq. (19) . Then the linear equation for can be expressed as Eq. (20): ...... (20) The acceleration vector of the rolls can be solved from Eq. (20) as the solution at time step is known. The displacement vector and velocity vector of the rolls was evaluated using Eqs. (17) and (18) . Because the solution at time step was completed, the next iteration is performed for the solution at the next time step.
Responses of the Rolls in the Cold Rolling Mill
Numerical analysis of the rolling mill including the driving system was performed by a novel combination of the direct integration method and quasistatic analysis. The transient responses of the rolling mill were obtained as the result of dynamic analysis. Figure 8 shows the vertical displacements of the backup, intermediate, and work rolls. The backup and intermediate rolls vibrated periodically, and the amplitude of vibration was almost constant. The vibration of the work roll was not in the exact periodic function form, and the amplitude of vibration varied slightly. The displacements of the rolls vibrated periodically with the negative position as the center of vibration, which was not the initial position, and this was because gravity was applied to the rolls along the negative direction. However, the center of vibration of the work roll was almost similar to the initial position compared with the other rolls because gravity and the rolling force were applied to the work roll in the negative and positive directions, respectively. The backup roll had the lowest center of vibration because its mass was much larger than that of the other rolls. The masses of the work and intermediate rolls were similar but the amplitude of vibration of the work roll was much larger than that of the intermediate roll because of the effect of joint forces and rolling force applied to the work roll. Figure 9 shows the vertical accelerations of the rolls. The vertical accelerations and displacements had a similar tendency in the case of the backup and intermediate rolls. The periods of vibration of the work and intermediate rolls were similar because their masses were similar and the rolls were adjacent. However, the amplitude of vibration of the work roll varied largely. Figure 10 shows the numerical analysis and experiment of the FFT of the acceleration of the work roll in the vertical direction. As the numerical analysis was compatible with the experiment, the proposed mathematical model of the rolling mill including the driving system was reliable. The principal frequencies were generated equally in the numerical analysis and in the experiment. The vibration frequency of 1 192 Hz with high amplitude was the chatter frequency, and it was very similar to the theoretical value previously computed by Eq. (1) for chatter frequency. The frequency of 355 Hz was the gear mesh frequency because the gear had 34 teeth, and the rotational speed was 10.44 Hz. The result indicates not only the first gear mesh frequency, but also the second gear mesh frequency (2 × 355 Hz). The gear mesh frequency, generated in the work roll, was caused by a source of forced vibration in a rolling mill. The source of forced vibration was the periodic contact force of the gears caused by the periodic change of contact stiffness between gears. The periodic change of contact stiffness was generated by the geometrical errors of the teeth profile and spacing. The high chatter frequency, generated in the work roll, was caused by self-excited vibration of rolls, because no periodic external force was considered in the rolls. The constraints between the work roll and spindle restricted the amplitude of the chatter vibration. Figure 11 shows the horizontal displacements of the backup, intermediate, and work rolls. The amplitude of vibration of the backup roll increased and decreased periodically. The amplitude of vibration of the work and intermediate rolls varied slightly. The amplitude of vibration of the work roll was much larger than that of the intermediate roll, although their masses were similar and the rolls were adjacent, because not only the frictional force but also the horizontal rolling force and joint forces were applied to the work roll. Obviously, the tendency of the horizontal accelerations was similar to that of the horizontal displacements. Figure 12 shows the horizontal accelerations of the rolls. The periods of vibration of the work and intermediate rolls were similar. Like the horizontal displacements, the amplitude of the horizontal accelerations of the work roll was much larger than that of the intermediate roll. Figure 13 shows the numerical analysis and experiment of the FFT of the acceleration of the work roll in the horizontal direction. Similar to the results in the vertical direction, the numerical analysis was compatible with the experimental analysis, and the principal frequencies were generated equally in the numerical and experimental analyses. The chatter frequency of 1 192 Hz, which was very similar to the theoretical value, was generated with high amplitude. The amplitude of the chatter frequency of the horizontal acceleration was much higher than that of the vertical acceleration, and the phenomenon was similar to Jun et al.'s 23) experimental study, although the gear mesh frequencies did not show a great difference. Because the chatter vibration was generated between rolls, the contact force of the intermediate roll and the gravity force in the negative direction and the rolling force in the positive direction restricted the vertical chatter vibration of the work roll. Therefore, the upper intermediate roll and the lower strip damped the vertical vibration of the work roll. The result shows that the chatter frequency was generated equally but the horizontal chatter vibration had a strong effect on the dynamic characteristics compared with the vertical chatter vibration. The chatter frequency was caused by the vibration of rolls, but the amplitude of the chatter vibration was restricted by the constraints between work roll and spindle in the driving system. Because the gear mesh frequency generated from the gears was transmitted to the work roll through the spindle in the driving system, the gear mesh frequency was also generated in the work roll. But the amplitude of the gear mesh frequency decreased while the frequency was transmitted to the work roll through the spindle. Therefore, the amplitude of the gear mesh frequency was lower than that of the chatter frequency of 1 192 Hz. Because the chatter frequency was generated both in the vertical and horizontal directions, it could be predicted that the chatter vibration was generated in a diagonal direction, and the trajectory of the work roll confirmed this. Figure 14 shows the trajectory of the center of the work roll. The vertical displacement is approximately proportional to the horizontal displacement. From the trajectory of the work roll, it was confirmed that the chatter vibration was generated in a diagonal direction. The range of the vertical displacement was almost similar to that of the horizontal displacement. However, the range of the horizontal acceleration was much larger than that of vertical acceleration, as shown in Fig. 14(b) , which means that horizontal acceleration had a stronger effect, and the phenomenon could be confirmed in the previous result from the FFT of the acceleration of the work roll.
Conclusions
A mathematical model of a cold rolling mill including the driving system was developed to predict the vibration characteristics. The model was reliable enough to be compatible with experimental and theoretical analysis. In particular, chatter vibration, which was actually generated in the cold rolling mill and reduced the performance of the rolling mill, was confirmed from the numerical analysis of the developed mathematical model. The principal frequencies, including the gear mesh and chatter frequencies, predicted by the model were very similar to that determined by experimental and theoretical analysis.
The model took into account the frictional force between the rolls and the stiffness caused by the roller bearings and the contact between rolls. A novel combination of the direct integration method and quasistatic analysis was proposed to solve the model efficiently. The joint forces of the spindles were solved by quasistatic analysis. The contact stiffness between the gears was approximated in a Fourier series form in the force equilibrium equations. The computed joint forces were input into the equations of motion of the rolling mill, which were solved using the direct integration method. The computed joint forces at every time step updated the force vector of the equations of motion.
Not only the vertical, but also the horizontal vibration was investigated to study the added effect of the horizontal rolling force, frictional forces, and joint forces. The horizontal chatter vibration had a strong effect on the dynamic characteristics, although the chatter frequency was generated both in the vertical and horizontal directions. The contact force of the intermediate roll and the gravity force in the negative direction and the rolling force in the positive direction restricted the vertical vibration of the work roll. As the mathematical model was adequately verified, it could be applicable to similar rolling processes by modifying the model to investigate chatter vibration. 
